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Preface

As the title implies, the present technical report entails two purposes. The
first one is a brief systematic mathematical exposition of the Z-transform
including both theoretical concepts and operations. Also, several examples
of various degrees of difficulty are given. Both direct and inverse computa-
tion of Z-transforms is explained in sufficient detail to make clear how these
calculations are realized. The second aim is the application of this transform
to the solution of second order ordinary difference equations in a similar way
as it is done using the Laplace transform to solve initial value problems spec-
ified by a second order ordinary differential equation. Here too, a general
framework is established in the case of second order difference equations, and
solutions to numerical examples corresponding to initial value problems are
fully developed to enhance comprehension of how a solution sequence is found.

The exposition given here, as background material for different scientific
or engineering fields, can be used by advanced undergraduate or graduate
students, teachers, and researchers. Readers are required to be familiar with
some topics in higher mathematics such as complex variables, low order linear
ordinary differential equations, and the basic elements of the Laplace trans-
form as used to solve initial value problems in ordinary differential equations.
It is important to remark that discrete or digital sequences can be treated
also from the viewpoint of generating functions or from the standpoint of
recurrence relations. However, to avoid unnecessary repetitions along with
presenting a compact work, I have used only the discrete transform approach.
Nevertheless, the given bibliographical references span the whole spectrum
of ways in dealing with discrete sequences.

Tonantzintla, Mexico
Gonzalo Urcid
November 20, 2025
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1 Definition and Elementary Properties

1.1 The Z-transform and its inverse

The Z-transform (also written as z-transform), known mainly from work on
sampled data systems due to Hurewicz, Ragazzini, and Zadeh, is derived as a
discrete version from the Laplace transform, briefly named the L£-transform.
In the same way as the L-transform is applied to the analysis and synthesis
of continuous linear systems, the use of the Z-transform appears frequently
in the analysis and design of discrete linear systems. Before we continue, it
is important to point out that an alternative name for the topic presented
here is known as the theory of generating functions (De Moivre, Euler, and
Laplace) and is common to use it in other mathematical disciplines such as
probability theory and combinatorial analysis.

Let ¢ : [0,00) — R be a continuous real function. Then, a sampled or
discretized mapping, @ : {nT | n € N, T € R™} where T denotes the sampling
period, can be associated in a natural way to ¢ by means of the following
expression,

B(t)=p(t)> o(t—nT)=> @(nT)s(t—nT). (1.1)
n=0 n=0

In Eq. (1.1), 0 represents Dirac’s unitary impulse function. If the scale ¢/T
is used instead of ¢, then the domain of ¢ equals the set of natural numbers
N. Therefore, we can assign a real sequence of numbers equivalent to ¢. If ¢
and ¢ are two continuous functions defined on [0, c0) such that ¢(t) # ¥(t)
for all ¢, it may happen that @(t) = ¥(t) for some values of t (e. g., take
o(t) = 1 and ¥(t) = cos(2nt/T)); in such case, to distinguish between the
sequences associated to ¢ and {E, the period T must be lowered to produce a
finer sampling.

Applying the Laplace transform to the sampled function ¢ we have that,
L{B()} = D(s) = > @(nT)L{3(t —nT)} =Y @(nT)e ™. (1.2)
n=0 n=0

Since, ®(s) = ®(s + 27ni) with n € N and i = v/—1, then ® is a periodic

function of s. Making the change of variable, s = T 'lnz or z = e,
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we obtain the formal expression that defines the Z-unilateral transform. In
symbols,

Z{p(n)} = (s) ls=r1m:= Y p(nT)z". (1.3)
n=0

It is customary to use the following notation:

Z{p} = Z{p(n)} = ®(2) = Y p(n)2", (1.4)

where the period T has been eliminated since it is a fixed known value. The
correspondence between ¢ and ® under Z will be referred as a Z-transform
pair symbolized by ¢(n) <> ®(z). Notice how the Z-transform is just a
complex power series whose coefficients are the sampled values of the trans-
formed function. Being s a complex number expressed by s = o + iw, where
o and w are real numbers, we see that |z| = |e*T| = |e?T||e™T| = |e°T|. The
geometrical meaning of this result can be explained as follows in reference to
Fig. 1 which depicts the complex mapping z = e*7 from C to itself. If o < 0
then |z| < 1, the left complex half-plane corresponds to the interior of the
complex unit circle (centered at the origin). Similarly, if ¢ > 0 then |z| > 1,
the right complex half-plane goes to the exterior of the complex unit circle.
In the case that 0 = 0 then |z| = 1, thus the imaginary axis iw maps to the
circumference of the complex unit circle.

i Im(s) Im(z) ]

I

: |Z| >1
o=Re(s)<0 ' o=Re(s)>0 e N

! _sT Vs N

! z=e€ 4 A

: S0 H<a| N

i > i 1 >

1 Re(s) ‘\ / Re(z)

: b 7

1 o 7

i “F 2=

I

co=0

Figure 1: Corresponding convergence regions in the C-plane of the £ and the Z-transforms.

In other words, Fig. | shows the relation between convergence regions
specified, respectively, by the £ and Z transforms. The notion of stability,
as used in control theory, in a discrete linear system is closely related to the
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convergence radius of the power series ®(z) given by Eq. (1.4). Associated to
the “direct” Z-transform, the inverse Z-transform will always give a discrete
function ¢(n) for n > 0. Its formula is given by the complex contour integral,

o) = Z71{8(2)} = —— 7§ B(z)2" e, (1.5)

27

where C is a circular path in the complex plane enclosing all singularities
of ®(2)2""!, equivalently, all points such that ®(2)z"! — oo. The equal-
ity given by Eq. (1.5) can be obtained in the following way. The Laplace
transform inversion formula establishes that,

o) = / T o(s)eds, (1.6)

271 —i0o

Then setting t = n and changing e® by z (i.e., s = In z) we have

o(n) = = /(I . O(s)eds = i ®(In 2)2z"d(In 2), (1.7)

270 ) g—ioo T J po—ioo

from which Eq. (1.5) follows.

1.2 Elementary properties

Next, we verify various important properties of the Z-transform.

LINEARITY. Assume given a finite sequence of transform pairs, crpp(n) <

ct®Pr(2) where k =1,...,m and ¢; € R for all k. Hence,
Z{chgpk } Z o)} =Y aZ{an)} = e Y Buz). (1.8)
k=1 k=1 k=1

For m = 2, we see that,

Z{cip1(n) + capa(n)} = 2[01901 ) + caa(n)] 2"
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Notice that linearity may be extended to the case in which the scalars ¢ are
complex numbers. Thus, if we consider that ¢, = ap + ib; where ag, b, € R
for each k, then

Z{Z(ak + ibk)gok(n)} - Z{Zakgok(n)} n z’Z{Z bkgpk(n)}. (1.9)
k=1 k=1 k=1

From Eq. (1.9) we conclude easily that the Z-transform of the real or imagi-

nary part of a complex sequence gives the same result if we take, respectively,

the real or imaginary part of the Z-transform of the complex sequence. In

other words, the Z and Re, or the Z2 and Im operators commute.

MULTIPLICATION BY n. Assume as known the transform pair p(n) <> F(z).
If n > 0 then,

Z{np(n)} = Y ng(n)z" == plnjna ! = ZZ¢ (-55)
— _Zdilz Z p(n)z " = —zdFdiz),

or, equivalently, this result can be written as the transform pair

np(n) + —zF'(2) (1.10)

Note that the left member function ¢ can be considered multiplied by the
identity function on N, where id(n) = n.

D1viSION BY n + a. We determine the Z-transform of the function ¢(n)
multiplied by the function 1/(n + a) where @ € R and a # —n. First, we

observe that . (s
—n—a—1 N
d pr— = —————
/OC ¢ —n—alo —(n+a)

—MN ~—a

Z 'z

therefore,

A = A=Y

= [ (i w(n)C‘”> e

1[]¢
‘S
\
T~
:'
@
i
J\
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Hence the corresponding transform pair is given by,

o) (0 / (C) 4 (1.11)

n-+a ¢atl

MULTIPLICATION BY a”. Again, suppose that the transform pair p(n) <
F(z) is known. Thus, if n > 0 and a > 0 then,

2o} = 3 apm) = 3 e (2)
n=0 n=0

Therefore,

a"p(n) < F(Z) (1.12)

The last three basic transform pairs show the interplay between algebraic
operations in the sequence domain and analytic or scale change operations in
the transform domain. For the remaining set of properties of the Z operator
we will take into consideration the following elementary sequences. The uni-
tary 1mpulse or Dirac sequence and the unitary step or Heaviside sequence
are defined, respectively by,

ln=0 l&n>0
5(n)—{0©n7§0 and u(n)_{0©n<0' (1.13)

In similar fashion, the unitary impulse and the unitary step sequences trans-
lated (displaced) at m are specified as

len=m

5(n—m)={ and u(n—m):{

0 n#m

len>m

Desn<m: (1.14)

It is common to extend the domain of both of these elementary sequences to
the set of all integers. Thus, Dom(d) = Dom(u) = Z; also m € Z, and by
definition, § and w are binary sequences since Im(§) = Im(u) = {0,1}. It is
not difficult to verify the equality 6(n) = u(n) — u(n — 1) that relates the
impulse and step sequences. Since,

Y p(m)s(n—m) +p(n)s(n —n) = 0+ ¢(n) - 1= p(n),
m#n
we can represent any sequence or discrete function ¢ as an infinite linear

combination of displaced unitary impulses weighted by each of the function
samples, i.e., for any n > 0,
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= > pm)s(n—m) =" p(m)i(n—m) (1.15)

m=—o0 meZ

We end this section with two additional basic properties used to specify back-
ward or forward translation (displacement) by several units. Accordingly we
have:

BACKWARD SHIFT or DELAY. Assume that ¢(n) = 0 if n < 0 and that
m > 0. Then,

Z{p(n —m)} = Z{p(n —m)u(n —m)} = Z p(n —m)u(n —m)z""
= pn- =) ek =2y (k)

k=0

from which,

p(n—m) < 2z "F(2) (1.16)

FORWARD SHIFT orADVANCE. Suppose that m > 0, then —m < 0; thus, if
n > —m we obtain by definition that u(n+m) = u(n—(—m)) = 1. Therefore,

I
WK

Z{o(n+m)u(n+m)} o(n+ m)u(n+m)z ng n+m)z

0

S
|

[
NE
E\

:’lf

3

3
NgE
‘6

?T
l
3

after changing n +m by k. Also, we can see that,

S et = Y )=+ > k)
k=0 k=0 k=m

Therefore, we obtain the transform pair shown next and developed formulas
for m = 1 to m = 3 are provided below.

en+m) o 2"F(2) = Y (k)™ " (1.17)




p(n+1) < z[F(z) — ¢(0)],
p(n+2) ¢ 2°[F(2) — 9(0)] — zp(1),
p(n+3) < 2°[F(2) = ¢(0)] = 2%(1) — 2(2)

2 Transforms of Basic Sequences

In this section, we calculate in detail the Z-transforms of the elementary
unitary and step sequences as well as some other basic sequences such as
exponentials and trigonometric sequences and products of them.

UNITARY IMPULSE sequence and shifted version. We see that,

Z{5(n) Z(s = 6(n)z"+5(0)z0 =1.

n#0
Hence, applying Eq. (1.16) we obtain the transform pair valid for |z| > 0,

d(n—m) < 27 "A(z) =27 (2.1)

UNITARY STEP sequence and shifted version. Here, for |z| > 1 we have that,

o0

Z{u(n) Zu =) "= ! — = ©

1—z1t z—1

n=0

Again, using Eq. (1.16) we obtain the transform pair valid for |z| > 1 and

2z #£ 0,

1-m

u(n —m) < 2z "U(2) = — (2.2)

We observe that the Z-transform of the unitary impulse sequence is constant
and its displaced version is well defined except at the origin of the complex
plane. On the other hand, the Z-transform of the unit step sequence is a
rational function of z defined everywhere except on the unit circle. However
its displaced version is defined everywhere except on the punctured unit circle
at the origin if m # 0.

RAMP sequence. We make use of Eq. (1.10), so that for |z| > 1, we get

d

e e =
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z

T (2.3)

= nu(n) <

PARABOLIC sequence. Using the previous result together with Eq. (1.10), we
have that (for |z| > 1),

Z{run)} = =4[] - —[t= 122:21>£ =)

z(z+1)

= nu(n) < EEE

(2.4)

n-th POWER sequence. Let a € RT be a positive constant, i.e., a > 0. Then,
applying Eq. (1.12), we obtain the following result valid for |z| > a,

zat

Z{a"u(n)} = u(g) -

Za- - —

z

=  a"u(n) < (2.5)

Z—a

EXPONENTIAL sequence. If we take a = e’ for any b € R not zero, then
a" = ™. Therefore, using the previous result displayed in Eq. (2.5), we get
for |z| > €,

Z

= e"u(n) < (2.6)

z—eb

If in Eq. (2.6) we let b = iw (an imaginary number) the corresponding trans-
form pair for |z| > 1 becomes,

1nw <

e u(n) <

— 2.7
z —ew ( )
Furthermore, recalling Euler’s identity e = cosw + isinw, then €™ =
cos(nw) + isin(nw). Hence, upon substitution, the right hand expression of
Eq. (2.7) can be also written as

z z 2 — CoSw +1sinw 2(z — cosw) + izsinw
z—ewW 2z —cosw—1isinw \ z— cosw + isinw (z—cosw)2+sin2w
2(z — cosw) , zsinw

22 —2zcosw + 1 22 —2zcosw+ 1"



from which taking the real and imaginary parts, we obtain respectively the
following couple of transform pairs:

CoOsINE sequence. The corresponding transform pair follows immediately
from the fact that, Z{Re(e"™u(n))} = Re(Z{e™u(n)}).

z(z — cosw
cos(nw)u(n) < C(z) = > _( Crp— ZF - (2.8)
SINE sequence. Since, Z{Im(e"“u(n))} = Im(Z{e"™u(n)}), then
: zsinw
sin(nw)u(n) <> S(z) = PR Ppve— (2.9)

Additional transform pairs involving exponential and trigonometric sequences
are now easily deduced from the given results. In Eq. (1.12) let a = e? for
any b € R not equal to zero. Then, since (e™?)"p(n) is transformed into
F(z/e7?) we get for the product of a sequence ¢ with a negative exponential,
the pair,

e p(n) & F(z€) (2.10)

Using this last result we compute explicitly the following transform pairs for
products of a negative exponential and the trigonometric functions of cosine
and sine. Specifically we have,

ze?(ze? — cosw)

(ze?)? — 2zeb cosw + 1
ze®(z — e Pcosw) 2(z—e”

e2(22 — 2ze~bcosw + e ) 22 —2zebcosw + e 2

Z{e " cos(nw)u(n)} = C(ze’) =

b cosw)

Analogously,
b .
ze’ sin w
Z{e ™ sin(nw)u(n)} = S(zeb) =
zel)s — 2zeP cosw +
e sin(nw)u(n)} = S(e') = g g
ze2e b sinw zel sinw

e2h(22 —2ze bcosw +e2) 22 —2zebcosw+e 2

To find the transform pairs corresponding to the hyperbolic sequences we can
apply the property of linearity established in Section 1.
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HypPERBOLIC COSINE sequence. Computing the Z-transform we obtain,

Z{cosh(nw)u(n)} = Z{%(e"“ + e_"w)u(n)} = %[Z{enwu(n)} + Z{e‘"“u(n)}}

IR 2 Itz —e™) 4 2(2 — )
_5[2—6W+z—e—w}_2[ 22— zew —ze v + 1 ]
1y 222 —z(e¥+e¥) 1 27— zcoshw
_§{z2—z(ew+e—w)+1]_z2—2,zcoshw+1’

whence it follows that,

2(z — coshw)

cosh(rs)urn) ¢ Chie) = 5w

(2.11)

HYPERBOLIC SINE sequence. Again, calculating the Z-transform we get,

2 {sinh(nw)u(n)} = z{%(e% — e un)} = %[Z{e"“u(n)} ~ Z{e ™ un)}]
s 2 1 2(z—e ) —2(z —e¥)
2[,2—6” z—e—w} 2{z2—zew—ze—w+1}
1 z(e¥ —e v zsinhw
[22 — ( ) } -

T2 z(ew +e )+ 1] 22—2zcoshw+ 1"

therefore,

z sinh w
22 —2zcoshw + 1

We close this section with a formula for the Z-transform of the sequence
defined by na"lu(n). The details are shown next.

Z{na" u(n)} =~ Z{nla"u(n)]} = - (= [a"u(n))

_zd < z ) B Z{(Z—CL)—Z}
 adz\z—a/ al (z—a)? I’
The first two equalities follow from the linearity and the multiplication by
n properties given in Eqs. (1.8) and (1.10) respectively. The second set of
equalities follow by applying the transform of an n-th power sequence as

shown in Eq. (2.5) and by derivation with respect to z. The final transform
pair is obtained by algebraic simplification. Hence, for |z| > a,

sinh(nw)u(n) <> Sh(z) = (2.12)

(2.13)
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3 Additional Properties

In this section the important theorems of the initial and final values are given
as well as the Z-transforms of other sequences such as those generated by a
discrete sum of values and reciprocals of factorials.

Theorem 3.1 INITIAL VALUE. Given the transform pair (n) <> ®(z), then

lim p(n) = lim ®(z2). (3.1)

n—0 2—00

Proof:

lim () = 9(0) = £(0) + 3 lim [A™)] = 0) 1 1 3 2

- iy 0+ 3000 = i 3t 009,

Theorem 3.2 FINAL VALUE. Given the transform pair p(n) <> ®(z), then

: . (z—1
Jim () = lim (=) 2(c). 32
Proof:
lim p(n) = Zso Z (n—1) —ygq[Zso "= pn— 1)z
n=1 n=0 n=1
= lim[®(2) — z_l@( )] = lim(1 — 271 ®(z). O
z—1 z—1

FINITE DISCRETE SUM sequence. Let 1 be a sequence defined as the finite
sum of values of another sequence given by o, i.e.,

= (k) = 0(0) + 9(1) + -+ @(n— 1) + p(n).
Next we determine the corresponding Z-transform, that is,

Z{i(n)} = Z[Zw )]z (Z%@ )(i -)

= B(2)U(2) = (ﬁ)@(zz) — U(2). _
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The expression in the second double summation equality follows from Cauchy’s
product rule for power series written as,

S (St e)a” = (L) (L),

n=0 k=0 n=0

expression in which we made the substitutions ay = ¢(k), b,—x = 1, and
x = z~!. Consequently, the corresponding transform pair is

Z o(k) ¢ (=) e() (3.3)

RECIPROCAL OF THE FACTORIAL (1/n!) sequence. In this case, Z{1/n!} =

S0 02/ nl= 300 (271" /nl; recalling that e = Y °° (2"/n! and letting

x = 27!, we obtain the transform pair,

% el (3.4)

RECIPROCAL OF THE DOUBLE FACTORIAL [1/(2n)!] sequence. In this case,
Z{1/2n)!1} = > ,27"/(2n)!, Let m = 2n then n = m/2; also, denote m
even as m = 0 and m odd as m = 1, i.e., the short version of the congruence
modulus 2 relationships given by m = 0 (mod 2) and m = 1 (mod 2),
respectively. In the following chain of equalities we first make the change of
variable and add a zero using odd sums, next we complete the first sum over
all N and add a zero again using even sums to match the algebraic form of
the second sum, and finally we complete it once more over all N. In the last
step, observe that (—1)" =1 for any m = 0. Thus, we have,

iz Z ml +sz| _sz!

nzO ! m=0 ) m=1 ' m=1
B 5 m/2 0 ( 1m —m/2 m —m/2 0 (_1)mz—m/2
N Z_: m! + sz:l * Z B sz:O m!
00 —m/2 o0 m —m/2 —m/2

Z T _Z ml

m=0 ! m=0 m=0
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Since the third sum in the last equality represents the reciprocal of the double
factorial sequence we get,

0 -n X _—m/2 0 (_1)m —m/2
z z z
2D i T 2 T T
! ! |
n=0 (2’/1) m=0 m m=0 m
Therefore,
I e G L e e I
D I B | GRE T §
o (2n)! 2 = ml =  ml 2
and the corresponding transform pair is given by
u(n) 1
2n) <> cosh(z72) (3.5)

As a final example in this section, we determine the Z-transform of the
sequence defined by u(n — 1)/n making use of the division by n + a and
backward shift properties whose transform pairs correspond, respectively, to
Eqgs. (1.11) and (1.16). Let a = 0, then

e D =
_ < C—l /Odg) In(z) —In(z — 1),

where, in the last equality, singularities are avoided considering that |z| > 1.
In this case, the transform pair has the expression,

L”n— Y e i (=) (3.6)

4 Transform Inversion Methods

For some applications such as the solution of difference equations it is manda-
tory to find a sequence ¢ from its transform ®. In other words, given the Z-
transform as a function of z, i.e., ®(z), find the corresponding sequence of n,
@(n), such that Z{p(n)} = ®(z). This type of problem is commonly known
as inversion or tnverse transformation for which there are three forms of ac-
complishing it as described next. It is customary to write p(n) = Z-{®(2)}.
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a) PARTIAL FRACTION development. Given ®(z), we develop the expression
®(z)/z as a sum of partial fractions. Then, realizing the product of z with
each partial fraction it is possible to identify, using a table of direct trans-
forms in z, the corresponding entry as a function of n and finally, ¢(n) can
be obtained by linearity considering all developed fractional terms.

b) CoMPLEX RESIDUES determination. From the definition of the inverse
Z-transform, see Eq. (1.5), we have that
1

p(n) = 5 b, d(2)2" dz.

Recalling that Cauchy’s residue theorem establishes the relationship given
by,

m

%@(z)z”_ldz = 27 Z res [®(2)2" 1],

Z=ZL
¢ k=1

we can calculate ¢ by evaluating the following sum,

o(n) = Z res [®(z)2" 1], (4.1)

Z=Zk

k=1

where 2, is a pole of ®(2)2""! for k € {1,...,m}.

c¢) POWER SERIES expansion. The transform function ®(z) is expanded in
a power series of z~! using the known procedure of long division and the
coefficient of 27" is associated with ¢(n). The previous technique does not
provide a direct way for obtaining the algebraic expression for ¢; however,
it is practical in case that only a few terms of the sequence are needed. The
power series so obtained corresponds to a Laurent series.

We remark that the first two forms of inversion give closed expressions
for ¢(n). Next a few simple examples are provided of the three forms just
mentioned for finding inverse Z-transforms.
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4.1 Inversion of rational functions of z

Example 4.1 Find the inverse transform of,

z

O(z) = — -
()= 5618

(4.2)

a) By developing in partial fractions we have that,

D(z) 1 B 1 A N B
z  22—62+8 (2—-2)(z—4) z-2 z-4’

1)
z—4

<I>(z)
-

- 2ot -2 (3

where, A = (2—2)

) =) )
)—%(252)}—%Z‘l{zl}—%z’fl{zfz}

1
—4” (n) — —2” (n) = 52”(2” — Du(n) .
from which the result follows, i. e.,
_zf__ 2 L _gnlggn_ g 4.3
o(n) = 2 o5 ) = 2@~ Du(n) (4.3)

b) the residues (m = 2) for the given z function are determined from Eq. (4.1)
as shown below,

1 1 -1 1 "d
p(n) = — 7{ d(2)2" tdz = j{ = 2dz = — j{ -
211 Jo 270 Jo 22 — 62+ 8 270 Jo 22 — 62+ 8

2m< ; JT%D_ZE_GZ[(Z—S(Z—AL)}

1 n 1 n _ on—=1/0n
z:2+2’ — g (_52 + 54 )u(n) =2"""(2 Du(n) .

ZTL

z—4

n

Z

c) to obtain the power series expansions in z~! we make use of the long

division procedure to obtain a few terms from which the sequence pattern
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can be inferred. Thus,

2 46272428273 +12027 L.
2 —62+8|z
—24+6+827!
6 — 8z 1
—6 + 3621 — 48272
28771 — 48272
—2827 1 4168272 — 224,73
120272 — 224273
—1202"2 + 72027% — 9602 *

or, equivalently,

1 6 28 120
Blz) ==+

= — 4+ — ... 4.4
22 —624+8 2z 22 3 24 ’ (4.4)

and it is not difficult to see that the series coefficients can be rewritten as the
elements of the sequence (n), where n denotes the nth-power of 271, i. e.,

1=2"12-1), p2)=6=2"14-1),
0(3) =28 =218 1), p(4) =120 =2""1(16 — 1), ...

Example 4.2 Find the inverse transform of,

322 — 2

0= o o

(4.5)

a) Developing in partial fractions we obtain,

D(z) 3z —1 A B C

2 _(z—l)(z—2)2_z—1+z—2+(z—2)2
= A(z—22+B(z—1)(2-2)+C(z—1)=32—1.

Therefore, equating coefficients of the same z power between the left and
right sides of the last expression, the values of the constants A, B, and C' are
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readily found. Thus,
z=1=>A1-2*4+B1-1)1-2)+C(1-1)=3(1) -1,
= A(-1)’=2=A=2,
=2=A2-2*4+B2-1)2-2)+C(2-1)=3(2) -1,
= C(1)?=5=C=5,
z=0=A0-2)>4+B0-1)(0-2)+C(0—-1)=3(0) -1,
= 4A+2B—-C=-1=B=-2.

So, we have that,

_ 2z
:‘9"(”):21{2—1 z—2 z—22}

:22_1{zi1}_22 {2—2}+5Z 1{ (z —2)? }
= 2u(n) — 2[2"u(n)] + 5[n2" 'u(n)] = 2u(n) — 2" tu(n) + 5n2" u(n) ,

from which the result follows, i. e.,

S — 2
(z—1)(z —

b) once the residues of ®(z) are found for m = 2, the algebraic form of ¢(n)
is readily obtained. Specifically,

o(n) = z—l{ 2)2} = [2""}(5n — 4) + 2Ju(n) (4.6)

1 not, 1 3z —1)zz"t = (32 —1)z"
Pn) = o §,20)2 dz—gmfg(z_l)(z_z)f dz_;zrf?k[<z—1><z—2>2]

- % SNE - 1! j;—ll (=2 {(z(le)_(»j)—y;)?] =
- P+ 2 [

B e o e

— 2u(n) + {(32 — 1)Z _"11 +32"] (?Z - ?)jn} oy

= 2u(n) + [pn2" 1 +3.2" — 5-2"u(n) = [2 — 2" + 502" Hu(n),
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a result that matches the expression given before in Eq. (4.0).

¢) in this case the denominator is given by the polynomial,

(z—1)(22 =4z +4) = (2° =422 +42) — (* —42+4) =2 — 52+ 82 — 4.

Again, to obtain the power series expansions in 2! we make use of the long

division procedure to obtain a few terms from which the sequence pattern
can be inferred. Therefore,

32 41427244622 + 13021 + . ..
23— 522+ 82— 4| 322 — 2
—32%2 + 152 — 24 + 12271
142 — 24 + 12271
—142 +70 — 112271 + 5622
46 — 10021 + 5622
—46 + 2302 — 368272 + 184273
130271 — 312272 + 184273
—130z"! 4+ 650272 — 104022 + 5202 *

or, equivalently,

32—z 3 14 46 130
(z—=1)(z2—2)2 =z 22 23 A

O(z) = (4.7)

Consequently it can be observed that the series coefficients can be rewritten
as the elements of the sequence p(n), as follows,

e(1)=3=2-2"1 L 5(1)2!1,  ©(2) =14 =2 - 22" 4 5(2)227,

©(3) =46 =2 — 2% 1 5(3)2°7 p(4) =130 =2 — 2*F £ 5(4)2* ...
In Examples 4.1 and 4.2 we may combine the results obtained either by
method a) or b) with ¢) in order to write the corresponding § representation

as expansions of the form, p(n) = >"*_, ©(m)d(n —m) where, in both cases,
©(0) = 0. Specifically,

212" — Du(n) = 6(n — 1) +68(n — 2) 4+ 286(n — 3) +1205(n — 4) + ... ,
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and,
(2—2""1 502" Hu(n) = 30(n—1)+145(n—2)+465(n—3)+1306(n—4)+. . . .

Furthermore, according with the third method of power series expansion, if

O(z) =Y cmz "= Z7H{D(2)} = Z_l{z sz_m}
= Z cnZ 2T} = Z tmd(n —m) = p(n),

the coefficients ¢, are those determined in the developed Laurent series, that

is to say,
1 P (2)

271 C Zm+1

Example 4.3 Find the inverse transform of,

dz (4.8)

Cm

o(2) 24422 4+ 2 z(z3+4z+1) (4.9)
z) = = .
24 4 22 22(22+ 1)

a) By developing in partial fractions we have that,

®(z) 2+42+1 A B Cz+D

P 22(22 +1) =T 2+1
SAz(ZA+ 1)+ B+ 1)+ (Cz+D)2 =2 +42+1 or
AP+ A2+ B*+B+CP 4+ D2 =2 +42+1.

Thus, A+ C =1,B+D =0, A=4, and B = 1; using the last two values
in the first two equations we obtain, C' = —3 and D = —1. Consequently,
1 322 z

O(z) =4+~ — -
(2) +z 2241 2241

i’ﬂn)=Z‘1{4}+Z‘1{§}—3z_1{ - }—Z—l{ : }

2241 2241

If we let w = 7/2 in Eqgs. (2.8) and (2.9), we get the transform pairs for the
3rd and 4th inversion terms,

nm zZ 2 nm zZ

Ccos 7u(n) © 5 1 and sin 7u(n) © 5 1
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Therefore, the final expression for the sequence p = Z7H{®} is given by,

p(n) = Z_l{_z;zzzli—;)l}
= 45(n) + d(n — 1) — [3 cos % + sin %} u(n) (4.10)

b) for the given z function the residues (m = 3) are calculated using Eq. (4.1)
as shown next,

1 1 3514 1
on) == ¢ ®(2)z" 'dz = j{ 2Z YT g
c

- 2mi ). 2mi (z+1)(z —1)
3 3
4 1
= Z res [ i ,Z+ _ z”} (4.11)
~e=n 2% (2 +0)(z — 1)
_d {Z"(Z?’—l—élz—l— 1)] 222+ 42+ 1) 22+ 42+ 1)
Cdz 22 +1 2=0 (24 4 22)" la=—i (24 +22) =i’

where z = 0 is a double pole, whereas z = =+i are two simple (imaginary)
poles. First, we have that,

d {z”(z?’ +4z + 1)} (DN 424+ 1) 4 2"(322 +4)] — 2"(2P 4 42+ 1) (22)

dz 22+ 1 (22 +1)2

N2+ D) (2 4+ 424+ 1) + 2(322 +4)] — 22" (2P + 42+ 1)
(22 +1)2 '

From the last expression it turns out that for any n > 1 the derivative vanishes
if z = 0. However, we can see that,

Jim 2|

}:4 and diz[

M2 +4z24+1)

=1.
22 +1

n=1,2=0

(23 + 4z + 1)}
2+1

The residues of the two simple poles give the following pair of complex con-
jugate values,

(2 4+ 4z + 1)
423 + 2z
223 442 + 1)
423 4+ 2z

(=) A=)+ 1
em—i A(—i)3 4 2(—1)

B 4i+ 1 1+ 3 1+31 .«
_ ! +4+ - + Z,&-n—l-l + Zezf(n—l-l).

(_Z-)n _ 1 ;Bi(_i)n—i—l _ 1 — 3ie—i§(n+1)

2

i AP+ 2 2 2
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Hence, upon substitution of the calculated residues in Eq. (4.11) the corre-
sponding sequence is given by,
31

) T

17 . - -
QO(TL) _ 45(%) + 5(n _ 1) 4= [625(n+1) + 6—22(n+1)} u(n) 4+ = [625(n+1) _ e—zg(n—kl)} u(n)

2
=46(n)+d(n—1)+ cosh{

2
T
2_

5 (n+ 1)}u(n) :

LT
71—

S+ 1)}u(n) +3i sinh[

To simplify the preceding expression we recall the equivalences between hy-
perbolic and trigonometric functions, i. e., from

cosh [zg(n + 1)} = cos(% + g) = —sin % sing = —sin % and
3i sinh {zg(n + 1)} = -3 sin(n2—7T + g) = —3cos % sing = —3cos % :
we finally obtain,
o(n) =46(n) +d(n—1) — (3 oS % + sin %)u(n) :

Applying the long division procedure we get a few terms of a power series
expansions in z~! whose coeflicients form the numerical sequence determined
in a) or b). Thus,

402 4322423 -3t — 254
PR Sl A N o
—2t— 22
322+ 2
—322 — 3272
z—3272
—z— 271
—3z72— 271
322 +3
—z 1 434"

2t + 273

or, equivalently,

A 4422 4 2 3 1 3 1
=14+ —=4+ == — — — 4.12
24 4 22 +z2+z3 24z + ( )

P(z) =
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Evaluating the sequence p(n) displayed in Eq. (4.10), for n =0,...,5, gives
us the coefficients found above as seen in the following list:

p(0)=4+0—(34+0)=4—-3=1,

(1) =0+1—-(04+1)=1-1=0,

©(2)=040—-(-34+0)=—(-3)=3,

p(3)=0+0—-(0-1)=—(-1)=1,

©(4)=04+0—-(34+0)=—(3) =-3,
(

e5)=04+0—-(0+1)=—(1)=-1.
Example 4.4 If a € R with a # 0, find the inverse transform of,
1

D)= —— (4.13)

a) Developing in partial fractions we obtain,

z) 1 A B

— +—
z 2(z+a) z z+a

where, the constants A and B are computed as follows,

A= ! —a ' and le = —a ',
Z+ alz=0 Zlz=—a
from which,
() =0 - s 2R =a 2 1 a2 {Z_—(_a)}
=a'0(n) + (—a)" tu(n).
Therefore,
p(n) = =[5(n) + (~a)"u(n)] (111

A shorter alternative to this method considers function ®(z) = 1/(z+a) itself
a “partial” fraction. Then, we can apply the properties already proven to find
its inverse Z-transform. Thus, if we substitute a by —a in the transform pair
a"u(n) < z/(z — a), we get the transform pair, (—a)"u(n) < z/(z + a) to
which a unit backward shift is applied to obtain the desired transform pair
given by,
ne1 ! 271z 1
(=) uln 1) & z4+a z+a
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Now, if we let, (n) = (—a)"'u(n — 1), denote the inverse transform of ®(z)
it is easy to verify that ¢(n) = @(n) for all n € N. In particular, if n = 0
then ©(0) =a (1) +(—a) Y1) =at—at=0=(—a)"}(0) = $(0) and for
n > 1, ¢(n) =a=(0) + (—a)" (1) = (—a)" (1) = B(n).

b) the only residue happens at the pole z = —a and for n > 1 is given by,

1 1 2"l
_ o n—ld _ dz = n—1 = (— n—1 —-1).
o) = 5= fo@)= e = o f L = oyt

Once more, the long division procedure is applied to find with a few terms
the general form of the corresponding power series expansion in z~!. In this
case,

27— a2 + alz3 — Pt + ...
z4+a|l
—1—az"!
—az!
az" 4 a?272
a’z7?
—a?z 2 — a3
—a3z73

or, equivalently,

O (2) ! l—i—ka——a——k. L= Z(—a)"_lz_" = Z(—a)"_lu(n—l)z_"

z4+a z 22 2 A

= ¢(n) = (—a)" tu(n —1).
Example 4.5 If a,b € R with a # b, find the inverse transform of,

2

(z—a)(z—b)
a) In this case, the partial fractions development has the form,
P (2) 2 A B
- -

d(z) =

(4.15)

2 (z—a)(z—b) z—a 2z-0’



24 4 TRANSFORM INVERSION METHODS

where, the constants A and B are determined as follows,

z a z b b
A_z—bz=a_a—b and B_z—az:b_b—a__a—b’
a z b z 1 az bz
:(b(z)_a—b(z—a) _a—b<z—b) _a—b<z—a_z—b)
- 1 —1 < —1 < - 1 n . n
= p(n) = a—b{aZ (z—a> bZ <z—b> = a_b[aa u(n) — bb"u(n)],
or what is the same,
1 n+1 n+1
o(n) = m[a — " u(n). (4.16)

The singular case for which b = a can be treated by recalling that,

A= = (a—b)(a"+ a0+ .+ ab" V) = (a —b) Z a" ok
k=0

Then, it is is not difficult to see that,

%im o(n) = %im a" FoFu(n) = (n + Da"u(n) = (n+ )a"u(n + 1),
—a —a
k=0
since, for n > 0, u(n + 1) = u(n); also, limy_,, F/(z2) = 22/(2 — a)?. Therefore,
we have established another transform pair, i. e.,

22

(2 —a)?

(n+1)a"u(n+1) < (4.17)

Another way to get the same result is to consider the transform pair obtained
earlier in Eq. (2.13), na"lu(n) < 2/(z — a)? and let p(n) = na"tu(n). By
the forward shift property, we have that @(n + 1) <> z[F(z) — $(0)] which
simplifies to p(n + 1) <> zF(z), because p(0) = 0. Consequently, as stated
before,

2

pn+1)=(n+1)a"u(n+1) Hz[(z_za)2] = (zia)Q'
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b) for the given z function, the residues (m = 2) are easily found using
Eq. (41.1) as shown below. Thus, for n > 0,

1 1 z
= [6)) ”_1d — P
oln) =55 Oz =50 j‘é GC_az-b
2 S+l Hntl Sntl
B kz:;zrzefk[(z —a)(z— b)] T 2—b z=a+Z —alz=b
n+1 bn—i—l n+l bn—i—l
= Z_ bu(n) +- au(n) _ p— u(n). (4.18)

c¢) Although tiresome, the procedure of long division gives us the following
terms of the corresponding power series expansion in z~ 1,

1+ (a+b)z"t + (a® +ab+b%)272 + (a® + a®b+ab® +b%)273 + ...

22— (a+b)z+ab| 2>

—272 4 (a+b)z — ab

(a+b)z —ab
—(a+b)z+ (a+0b)? — abla+b)z~*
(a® + ab+b*) — ab(a + b)z™"
—(a® +ab+ %) + (a+ b)(a® + ab+ b?) 27! — ab(a® + ab + b?)z 2

(a® + a*b 4 ab® + %)z~ — ab(a® 4 ab + b*)z 72
—(a® + a®b + ab® + %)z
(a+b)(a® + a®b + ab® + b%)27% — ab(a® + a®b + ab® + b%)2 73

d(z) = =1+ 5

Z3

22 a+b aE+ab+b® i+ d*b+ab®+ b}
+ + +
y4 y4

n

o n+l bn+1

S

n=0 k=0 n=0

From the last power series, the sequence ¢(n) given in Eq. (4.18) corresponds

to the n-th coefficient of 27 ™.
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4.2 Inversion of the function e!/*

If ®(z) is not a rational function of z it may be possible to apply “formally”
the inversion methods by interpreting them correctly. That is the case in our

next example.

Example 4.6 Find the inverse transform of,

D(z) = el (4.19)

a) Here the quotient ®(z)/z does not make sense as in our previous examples.
However we can consider the power series expansion of ®(z) as an “infinite”

partial fractions development. Thus, we have that,

o0 —m

BE) PRI e

mO ) m=0

= Z Y} = va ey = Z—an— =

From this result, it turns out that the correspondlng transform pair is given

by,

1/z VAN U(TL)

¢ n!

(4.20)

b) In this particular case, we find the sequence by evaluating the complex
integral and applying Cauchy’s integral theorem to each term. The following

chain of equalities accomplishes our purpose,

1 o 1 =™
o(n) = — 62 2"y = — <Z Z—) 2" dz
C m

270 2 — m!

gmj{Z S 1 2;@%7’; Cz" m—17.
:%[mz_oij{ 2T 1alz—|—l ——|—mi; 7; Cz” " 1dz
:%(O—%%—%O):%. (4.21)
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Since the sequence obtained is valid for n > 0 we see again that ¢(n) =

c¢) For the given function it is unnecessary to use the long division procedure

since the power series expansion is already known. Hence, it is an immediate
consequence that, if e!/* = 3">° (1/n!)27", then, ¢(n) = u(n)/n!.

4.3 Inversion of an analytic function of 2

In this subsection we will find the inverse Z-transform of a function ® that
is analytic or holomorphic over the region |z| > 0 (the complex plane except
the origin). By hypothesis, ®(z) can be expressed as a Laurent power series

about z =0, i. e.,

00 0 00
m m m
O(z) = g 2" = g Q2 —1—5 Q2
m=—0oQ m=—oo
O

a_nz "+ i anz" = Z{p(n)} + Z 2"
m=1

n=0

Restricting the class of analytic functions to those whose infinite non-constant
polynomial part is zero, we have that a,, = 0 for m > 1. In that case,
w(n) = Z7Y®(2)} = a_, for any n € N. On the other hand, recall that the

mth-coefficient in the Laurent series is given by,

4m = o j{ Cm+1dc

If we let m = —n, the corresponding integral, except for the name of the

integration variable, equals ¢(n). Thus, we see that,

L Lgeg, 1 .
P == 5§ e = oo § a0 ac,

is the same inversion formula introduced earlier in Eq. (1.5). Furthermore,

under the given conditions imposed on &, it turns out that the previous
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explanation is another way of defining the inverse transform Z~! of ® with-
out recurring to the Laplace transform. An alternative argument based on

Cauchy’s integral theorem provides us with the same result. Specifically,

o(n) = L @(z)zn_ldz:i, (i amzm>zn_1dz

2m1 21 Je
%m—i—n 1dz—z j{ern Ly o+ dz:a
27m omi 27m o

4.4 Inversion of the gamma function I'(z)

As a none trivial example we dedicate this subsection to find the inverse
transform of the gamma function commonly denoted by I'(z). That is to
say, the sequence given by v(n) = Z7HT'(2)} for n > 0. Since I is a special
function the discussion is limited to the use of the complex residues method of
finding inverse transforms. In order to make clear some onward calculations

we first determine the value of the following integral

7£F(z)dz,

where, C is the contour shown in Fig. 2 enclosing all singularities or poles
of I'(z) given by the elements of the set Z, = {z € Z : z < 0}. Instead of
taking for I'(z) its integral representation we use the alternative definition

contributed by Gauss, i. e., I'(z) = limy, o, [';,(2), where

m!m? m!m?
T,.(2) = - . 4.22
(2) 224+ 1) (z+m)  [[iLy(z +7) (422)
Then,
1 ['(2)dz = 1 {lim r (z)]dz = i res {lim r (z)}
2mi Jo 27 Jolmooo ™ A e N

k=0
Notice that the residues sum is an infinite series whose general coefficient is

found by evaluating the limit of I';,,(—k) when m — oo and k € Z; .
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Figure 2: Contour in the C-plane for the I'(z) function enclosing all its singularities.

The details are shown next,

. . m!m?
25 [7711—{%0 Fm(z)] = [(z k) [T%(2 + ) z:-lj
. m!m*
= WILI_IgO [ k—1 . m . ——k:|

szo(z +J) Hj=k+1(z + )=

. m!m=F
szo(_l)( —J) Hj:k+1(j — k)

m)!

= 1 i
oo Mk (— )Rk (m — k)

m(m—1)---(m—k+1)(m—k)!
!

= lim

b mk(—1)Fk!(m — k)
(=1 m —1)k
= Jim S [ 2] - S

where, p(m) is a polynomial in m of degree strictly less than k.
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Therefore',
1 = (-1)* _ 2mi
o T =3 = "= f T (4.23

Now we turn our attention of finding the inverse transform of I'(z) using the
residues method on the same contour depicted in Fig. 2. Thus, we have that,
1
1) = 2R} = 5 f TG
C

1

1 0
= g A ()] =3 el Ta(2)

Here, the computation of the residues must be carried in more detail since
each of them depends on variable n. We first evaluate the residues for k = 0,
1, 2, and 3 (since z = —k, z = 0, —1, —2, —3) and then generalize inductively

for the rest. For z = 0, we see that,

{ m!m?z" ] d( mlm?*z" >

lim = lim — = ,
mooo 22 [[jy (2 + )1 mose dz \[[31,(2 +J)

The derivative subexpression develops into,
d o m!m*z" N L5 G+ 0)mim? 2" —mlm*2" [T (2 + 5))
Ee) - TG+ )P
~omlmfnzt +mlm#z" In(m)  mim*z" > iy [z +0)
;%1 (z+ ) - [TT2(z +5)) |
If n = 0, the first term simplifies to
m!ln(m)  m!ln(m)
|J Y - ml
while the second term is reduced to
m! 27:1 Hﬁ;&jé _ 27:1 He;éj = Hz;ﬁ; -
[T, 417 | — T,

!The result of Eq. (4.23) states another interesting relationship between the imaginary unit i and the

res{ lim Fm(z)z"_l} = res

z=0Lm—o0 z=0

(4.24)

= In(m),

1
J=1 J

irrational numbers 7 and e, similar to the more familiar equalities derived from Euler’s identity, i.e., /™ = —1

and i* = 1/+/e™ (a real number). See [3] for another way of calculating the same value.
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31

Combining the two terms, the corresponding residue value at z = 0 for n = 0,

turns out to be the negative of the Euler-Mascheroni constant, i. e.,

lim
m—o0

(lnm—zm: 1) = — lim

j=1 J

m— 00

j=1

J

-~ m> — v = —0.577215664901532 - -

>

On the other hand, for n = 1, the first term of Eq. (4.24) simplifies to
m!/m! = 1 and the second term equals zero. The residue value at z = 0 for
n = 11is 1 and it should be clear that if n > 1 both terms of Eq. (4.21) are

zero. Therefore, for any n € N, we can write,

res

lim I

z—OLn—Mm

m(2)2""

1] = —v0(n)+d(n—1).

(4.25)

We continue with the evaluation of the residues produced by the poles of I'(2)

located at z = —1, —2,

res {
z=—1

res {

z==—2

res {

z=—3

m—0o0

m—o0

m—o0

we have

lim
m—0o

m!m=F(—k)"

hmF()”l]:

lim Fm(z)z”_l} =

lim Fm(z)zn_l} =

-

)2 11 = k)

|

—3. The details follow,

nlbl—{%o[z Hﬁﬂ(z +7) z_—J
. m!m C_l)n _(_1\n
%5%0(_1)2'1-.-(7;@—1) = (=17
nlzl—{%o{z [liz(z+7) z——J
I
m—oo (—2)2(=1)1---(m — 2) 2
lim [ mimz }
m—oo Lz IIJ¢3(Z-+-j) z=-3
m!m=3(—3)" (=3)1 |

lim

mee (<3)2(=2)(~1)1---(m—3)

By induction, we can generalize the previous pattern for any k& > 0. Thus,

m!m=F(—k)"~1

6

Jm | = T (00— ) T G — ]

lim
m—0o0

lim
m—o0

m(m—1)(m—2)---(m—k+1)(m

— k) (k)"

mF(=1)"k!(m
[m* + p(m)](=1) (k)"

—k)!
_ (EDA=R)

mFk!

k! ’
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where the last equality follows from the fact that the degree of the polynomial
in m, denoted by p(m), is strictly less than k; also, recall that (—1)~% = (—1)*
for any k € Z*. Finally, by summing all residues we find the resulting

expression of the inverse Z-transform of the gamma function, i. e.,

kkn 1

v(n) = —vd(n) +d(n — 1) ) 12 (n) (4.26)

The elements of the gamma sequence for n € {0, 1,2, 3,4} evaluated by sub-
stitution of each n in Eq. (1.26) are listed below:

> k1.0—1 < Nk Nkt
Y(0) = =7+ 0+ (— 1)012w:_7_z( 1) :_WJFz( 1)

- M £ k| L ikl
Y1) =041+ (1)112% _ kfg (—k1! " =
¥(2)=0+0+ (—1)° 12(_1;%21 _ ,; E;l_)’“l‘)l' _ el
(3) =040+ 1>31§; I > Ut _ ;‘} 1)
B T D D D P M) = A
= g; (_ﬂl)g(ﬁ +20+1) = g; (_ZWQ + 2?2 (_;W + i (_ﬂl)g
B éf; ((E_—Dlé)g' ! 22 (é__lié! tel= kf% ( Dk:,(k b 2]2 (_gkﬂ
_ ki (—1}11:“% ) ki (—k1'>k _ Qkf; (_kl|)k = ki E;_Vl‘; g

Note that computation of v(3) requires a single change of summation index

(¢ = k — 1 in the 3rd equality) whereas ~(4) needs a couple of changes of
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summation index (¢ = k — 1 in the 3rd equality and k¥ = ¢ — 1 in the 7th
equality). The values of the gamma sequence for n € {5,6,7,8,9,10} can also
be determined as previously but the details are not explicitly given since the
algebraic work is more cumbersome to follow. However, the resulting values
are y(5) = e, 4(6) = 2e7L, 4(7) = —9e7L, v(8) = 9e71, v(9) = 50e7 !,
and (10) = 267¢~!. Looking carefully to these numerical results as well as
the steps that manipulate algebraically specific summations, Eq. 4.26 can be

written in a compact form as follows,

v(n) = —yd(n) +6(n — 1) + e Layu(n)
kkn 1
where, e la, = )yt Z (4.27)

For the sake of completeness, Table 1 lists the numerical values of the gamma
sequence for n = 0 to n = 21. The gamma sequence (as many others) is
increasing and for values of n > 13 it grows quite fast. We remark that
the infinite series appearing in the last term of Eq. (4.26) or equivalently the
term e 'a, in Eq. (4.27), converges for any n > 0. Symbolic computation
of the infinite series in Eq. (4.20) was realized using the Maple software and
numerical verification was done by approximating the same series with a
finite sum of 100 terms using the Decimal Basic programming language. The
reader should have in mind that the purpose of this exercise was to show,
with enough detail, a nontrivial example of Z-transform inversion.

Up to this point we have covered two fundamental aspects, a step by step
exposition of a significant part of the basic properties of the Z transform and
a careful examination of the diverse methods for finding inverse transforms.
The presentation offers both an explicit and a systematic review of concepts
and mathematical techniques in order that the interested reader may gain a
better understanding of this topic. In the next section we treat some addi-
tional results which are interesting by themselves or otherwise are relevant

in the context of practical applications.
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Table 1: Values of the v sequence and integer multiple oy, of e~*
n 7(n) A
0 0.2193839 0
1 0.3678794 1
2 0.3678794 1
3 0.0000000 0
4 -0.3678794 -1
5 0.3678794 1
6 0.7357589 2
7 -3.3109150 -9
8 3.3109150 9
9 18.3939721 50

10 -98.2238108 -267
11 151.9342092 413
12 801.9771818 2180
13 -6,522.8703714 -17,731
14 18,590.0518007 50,533
15 40,531.4853106 110,176
16 -723,544.1812567 -1,996,797
17 3,656,231.9977064 9,938,669
18 -3,178,006.7503211 -8,638,718
19 -102,445,249.8212360 -278,475,061
20 934,765,660.5768400 | 2,540,956,509
21(-3,611,421,102.5222800 | -9,816,860,358

5 Convolution and Special Sequences

5.1 Convolution of two sequences

Let ¢1(n) and @o(n) be any two sequences defined for n > 0. The convolution
product of 1 and o, denoted by 1 * @9, is a new sequence defined by,

(1 % p2)(n) = Z%(U%(n — i) = Z p1(i)p2(7) - (5.1)

i,j=0
i+j=n



5.2 Convolution of multiple sequences 35

In Eq. (5.1), the second summation follows from the first by setting n —i = j
and noting that any index pair (7, j) may take any combined value between 0
and n. To determine the transform, Z{(y1 * v2)(n)}, Cauchy’s rule of series

multiplication is applied in the second equality as shown below,

(1 * ©2)(n)u(n) <> P1(2)Po(2) (5.2)

In words, the transform pair of Eq. (5.2), gives a simple algebraic rule: “the
Z-transform of the convolution of two sequences, 1 and s, equals the prod-
uct of their respective transforms, ®; and ®,”. Convolution is an essential
operation that serves to characterize the response of a discrete linear system
to a given input signal. Furthermore, one can say that convolution is an
intrinsic property of any linear system whose physical constitutive properties

may be modeled by numerical constants.

5.2 Convolution of multiple sequences

From an algebraic point of view, the set S of sequences ¢(n) together with
the binary operations of addition (4) and convolution (*) has the algebraic
structure of a commutative unitary ring. For example, since convolution is
associative, i. e., (1 * p9) * 3 = 1 * (Y2 * @3) for any @1, 9,3 € S,
it is possible to write the triple convolution product without parenthesis.
Furthermore, before we determine the Z-transform of a triple convolution

product we verify the following summation equality,

> adealiestk) = 3 | D eideai)|esth).  (5.3)

i,j,k>0 0k>0 i,j>0
i+j+k=n (+k=n i+j=C
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First, we evaluate the left summation of Eq. (5.3). Let & = p be a fixed but
arbitrary index, then ¢ + 5 = n — p, where 0 < p < n. Hence, we have that,

Z ©1(2)p2(5)p3(k Z[ Z ©1(2)p2(J ] 3(p).- (5.4)

1,5,k>0 p=0 1,5>0
i+j+k=n i+j=n—p

Second, to evaluate the right summation of Eq. (5.3), let £ = n—p. Therefore,

Z[Z% 902} Z{Z% 802}(]9)

k>0 4,520 {,p>0 1,720
E—l—k:n i+j=~4 p=n—{ i+j=n—p
= E [ E p1(2)pa(J } 3(p).- (5.5)
p=0  i,5>0
i+j=n—p

With the help of Eq. (5.3), now we find the Z-transform of the convolution
of three sequences as shown next. The last step is a consequence of function

multiplication associativity.

Z(prerro)m} =3 | 3 eildeali)esh)]z

n=0 " i,j,k>0
i+j+k=n

S cilidei) beath)]

k>0 0,5>0
b+k=n i+j=(

2901 i)pa(J } 2903

T 4,j>0
i+j=n

= (S Dl = )00

The same argument used to obtain Eqs. (5.4) and (5.5) can be extended,

i 1M

|
o

n

although more laboriously, to find the transform of the convolution of a finite

number of sequences. In fact, we have that,

‘1{ﬁ¢k<Z>} = 2 ﬁwkm) (5.6)
k=1

Vk,ix>0 k=1
1+...+ipm=n
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5.3 Self-Convolution of a sequence

An immediate consequence derived from Eq. (5.0) gives us a new transform

pair stated next.

SELF-CONVOLUTION OF ORDER m. Given a sequence ¢(n) defined for n >
0, the Z-transform of the convolution of ¢ with itself repeated m times, i. e.,

Z{(p*---*¢)(n)} is given by the transform pair,

> [[Let]um = (s Dmum) o o) | (67)

- ——
Vk,ir>0 k=1

. : m times
1N+...+1m=n

5.4 The modular sequence

Let ¢(n) for n > 0 be a discrete sequence whose transform is given by ®(z).
If » and m denote non-negative integers with r > 0 and m > 2, then the

modular sequence of residue r and modulus m is defined by,

(5.8)

. ) p(n) & n=r(modm)
¥mln) = { 0 < nZr(modm)

We are interested in finding the Z-transform of the modular sequence in
terms of ¥ (z).

MODULAR SEQUENCE. If w = €2™/™ denotes the m-th complex root of unity,

then the transform pair corresponding to Eq. (5.8) is given by,

3

U (n)u(n) < WP (w™2) (5.9)

1
m

Il
(=}

J

The argument to verify the transformation goes as follows. Since, ®(z) =
Yoo @(n)z~", we have that,

)= e ) =) e



38 5 CONVOLUTION AND SPECIAL SEQUENCES

Therefore,
1 m—1 1 m—1 00
- —Jjr —J - —jr in.—n
me d(w™2) 2Y (Zgo(n)w 2 )
7=0 7=0 n=0

I
pSY
=

VR
S|~

&

<

£}

|
=
N—

,

3

I
S}
3

Q
S =3
S

®

3

where, the inner sum of the second equality has been abbreviated for conve-
nience as o). (n). From Eq. (5.8), the value of o] (n) must be realized for each

case. First, if n = r(modm) then m divides n —r,i. e., (n—r)/m =k € Z™,

and
1 m—1
R 1
2
0_;1(”):_ e :_2:627&'}{3 E:ij
m m
J=0 =0

The last equality is a consequence of e* bemg a periodic function. Thus,
1 . _ |

o’ (n) — [1 i 627” + 64m 4ot 62(m_1)m} 1
m

Second, if n #Z r(modm), then (n — r)/m is not an integer. Hence, in this

case the resulting value turns to be the sum of a geometric progression, i. e.,

m—1 m—1 . mil 2= )m
1N i) _ 1 [e2m'(u)r 1 (55)m _
ma3 m = m omi(zr)

Furthermore, recalling that the integers module m are given by the set Z,, =
{lr] - 0 <r < m — 1}, we can see that o), (n) = xp, where x is the

characteristic function defined with respect to the residual class [r] € Z,,.

Consequently,
Y (o, (n)z" =) em)xpz " = ()"
n=0 n=0 n=0

Some particular sequences whose pattern is based on the modular sequence

are listed below together with its corresponding transform pair.
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Example 5.1 Find the Z-transform of the modular sequences:

{0(0),0(2), ¢(4),(6),.. .},

{p(2K) hren = ¥5(n) ¢ 5 Y B(e7™2) = 3[B(2) + (—2)],
{p(2k + D}ren = ¢3(n) & 5 ) e ™0(e7™z) = §[(2) — B(—2)],

{0(3k) }ren = ¥3(n) < % (13(6_2”ij/3z) , and

Example 5.2 Find the Z-transform of the modular sequence:

{1/01,1/41,1/81,1/12!,1/16!,...}.

We use the transform pair, u(n)/n! <+ e/* (see Eq. (3.1)), together with the

modular transform pair,

{(4k) Y rew = U(n) & 1D ®(e7™%2) = §[®(2) + D(—iz) + D(—2) + D(i2)]

In the last step of the previous expression we use the identity, cosh(iz) =

cos(z).
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5.5 The harmonic sequence

Recall that the n-th harmonic number is defined by the following finite sum

for any n > 1, i.e.,

1 1
H, =1 1
ottt Zk (5.10)

We wish to find the Z-transform of the sequence ¢(n) = H,. If in Eq. (5.10)
we let n = 0 then we can set Hy = 0 without problem. Thus, using the
transform pair for the sequence formed by summing the elements of an-
other sequence (cf. Eq. (3.3)) combined with the transform pair established

in Eq. (3.6), we see that,

>t o (;29)o0) = 20m) = 2(X g} = (29)2{" )

from which we obtain the following transform pair.

HARMONIC SEQUENCE. For n > 1 and |z| > 1,

H,u(n) < . i - ln<z i 1) (5.11)

5.6 A sequence involving Bernoulli numbers

Here we consider the power series expansion of the complex function given

by,

o1
B(z) = 5.12
()= A (5.1
Specifically, we have that,
1 1 B N
B(2) = = =[] = |
(2) z(e#7 —1) zzm |z mz::l m! nz:; (n+ 1)!

Since the leading coefficient in the series expansion does not vanish, i.e.,

1/(n+ 1)! # 0 for n = 0, it is possible to invert the given power series.
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Hence, based on Cauchy’s rule for power series multiplication, it is required
to determine the b,, coefficients defining the inverted series in such a way that

the following equality is satisfied,

1 . 00 Y o0 n bn—' Y
(ﬂngﬁz_gguﬁW'J

From the last equality, we can find the numerical values of b, e.g., for n =

oo

n=0

0,...,4 as shown next.
b
?’L_sz 0= bo 1
B ' 9
=G+
~ b
1—
n:1:>Z(j+jl)'—1+%bo—0:>bl——%,
§=0

b
7122?2 .2 J —52+%b1+%bo=0:>b2=i—%=%,

=
j:O(j—f—l).
3 ba -
n=3jz(jj__31)'=b3+%bz+%bl+2—l450=0$b3:—2—144—%—2—1420,
j=0 '
b
— -y 1 1 1 1y _ 1 1 1
n—4¢§:u+w—m+¢yww+ﬂm+mm_oém——@+@—m
j=0 '

It turns out that,

S

' I nl’

= G+D!  nl

where, the B, correspond to the sequence of Bernoulli numbers. Therefore,

we get another interesting Z-transform pair given by,

Bhu(n) - _zl_l
n! e —1

(5.13)

Although outside the scope of the present work, we remark that in Eq. (5.13),
the region of convergence is given by |z| > 1/27. This last example closes
our exposition of the Z-transform going from the fundamental results and

ending with other problems of a more intricate nature.
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6 Ordinary Difference Equations

6.1 Transform of a second order OAE

In this section we make use of the Z-transform and its properties to solve
elementary problems relative to ordinary linear difference equations in a sim-
ilar way as it is done for solving ordinary linear differential equations with
the Laplace transform. As it is customary to abbreviate an Ordinary Differ-
ential Equation as ODE, here we abbreviate the words Ordinary Difference
FEquation as OAE using the Greek letter A to denote a mathematical finite
difference. For simplicity, the following discussion is limited to the case of
ordinary linear difference equations of the second order with constant real
coefficients. The corresponding mathematical expression of such equation is

given by
azp(n +2) +ayp(n + 1) + app(n) = ¥(n) with ag,a1,a2 € R,  (6.1)

where, p(n) represents the unknown sequence or solution sequence, (n) is
a given known sequence, and a; for k = 0, 1,2 are constants satisfying the
relations as # 0 # ay to avoid trivial cases. If the right hand member se-
quence in Eq. (6.1) equals zero, i. e., ¥(n) = 0 for all n > 0, the ordinary
difference equation is said to be homogeneous. Note that the order of the
difference equation is given by the highest “forward shift” added to the in-
teger argument of ¢(n). From now on, we will use the subindex variable
notation instead of the functional one we have used. Thus, we let ¢, = ¢(n).
Furthermore, if the values of ¢, for n = 0,1 are known, then, we can state
the corresponding initial value problem (IVP) associated with Eq. (6.1) as

follows: find a numerical sequence ¢,, that solves the equation,

APn+2 + 1Pny1 + ao0n =¥y, with  ag, a1, a2 € R,
subject to pg=a; o1 =p0; o, €R. (6.2)

As in the case of linear ODE’s, the complete solution is found by adding the

complementary solution to a particular solution. Recall that the complemen-
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tary solution is obtained by solving the associated homogeneous ordinary

difference equation, i.e., the right term in Eq. (6.2) is set to zero. In symbols,
on =@, +¢h VYneN (6.3)

The corresponding initial conditions stated in Eq. (6.2) must satisfy Eq. (6.3).
Hence, pg = ¢§ + ¢f = a and @1 = ¢f + @] = B. Applying the Z-transform
to both sides of Eq. (6.1), we see that,

Z{aspnio + a1ns1 + aoen} = Z{n},
or, by linearity, we have that,
@ Z{pnio} + a1 Z{oni1} + agZ{pn} = ¥ (2). (6.4)

The terms of the left expression in Eq. (6.4) are given by,

a2 Z{pni2} = &2[22(13(2) — 220y — zp1] = a222(13(z) — ayaz? — ayfBz
a1 Z{pn+1} = a1[2P(2) — 2] = a12P(2) — ajaz, and apZ{p,} = ayP(z2).

After substitution, the same transformed equation simplifies algebraically to,

(ag2® + a12 + ag)®(2) = agaz® + (azB + ara)z + ¥(z).
o) = asuz? ;F (a9 + a1cv)z R U(z) |
asz® + a1z + ay a9z® + a1z + ay

I
p@%:f+(@>z+<@>:(W—MXZ—AQ,

a9 a9
denotes the second degree polynomial with roots A\; and Ay then, the Z-

transform of the unknown sequence (,, can be expressed as,

¢“*:@—Ag@—Ag+<5+Q£>Q_Ag@—Ag“'
e ME— M) = (0
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6.2 Solutions of an IVP for a second order OAE

It is now an immediate consequence of Eq. (6.5) that ¢,, the solution to
the IVP posed in Eq. (6.2) can be found by applying, in linear fashion, the
inverse Z-transform to each term. Therefore, o, = Z71{®(2)}. However,
the form of the solution will depend upon the nature of the roots A\; and
Ao of the second degree characteristic polynomial p(z). The solutions given
next, in three separate cases, are based on the discriminant value computed
as D = al dasayg.

Caske [-DistiNncT REAL ROOTS. Here, D > 0 and \; # Ay € R. Based on
Egs. (1.15), (4.16), the forward shift in one unit and convolution properties,

we have that,
2

1
z-1 z ATHL ALY
{(Z—Al)(z—)\g)} )\1—)\2( L 2 )U ’

1
Z_l < n . n .
{(Z — M) (2 — )\2)} A — >\2()‘1 A9 )1,

_ U(z) 1
z! ° - N — A Vag,, g
{(z—Al)(z—)\g) 2 } AI—AQ( LAty
1 n
=T Z(A]f — Mg 11
1 2470
1 n—1
1 2477
c __ ]‘ n+1 . n+1 ﬂ no__ w
= P, = N )\2 {04()\1 Ay )y, + (5 + 04@)( 1 2)un_1}
n—1
o= ) — A3)Yn—1-k (6.6)
kzl

Also, we verify that the initial conditions are satisfied. First, ¢f = a since
u(—1) = 0 and } = 0 because the upper summation index is —1 and the sum
is void. Second, ¢f = a(A; + A2) + B+ (a1/az)o = B since A1 + Ay = —(a1/az)

in p(z), and ¢} = 0 because the upper summation index is 0 and the sum is
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null. Therefore, py = ©§ + ¢) = a and p; = ¢§ + ¢ = . For the sake of
completeness, we check the solution for n = 2, i.e., ¢o = @5 + ©h. Clearly,

1 a a
aspr + a1pr + appy = Yy = Y2 = —Yy — —15 - —004- (6-7)
a9 a9 a9

Evaluating the complementary and particular solutions for n = 2, their sum
simplifies to,
¢ b = a(A2+ Mg + A2 U0 (A + d) + —
Py T oy = AT+ Mde + ) + (B + —a ) (A + de) + —,
2 2
or, in terms of the sum and product of the roots A\; and \,, it is equivalent
to

1
a—@/JO + (A 4 A2)® — adidg + B(A 4 o) + %Oé()q + A2). (6.8)
2 2

As before, from the second degree polynomial p(z), we have that A\; + Ay =
—ay/as and A\ A = ag/az. After substitution in Eq. (6.8) the result matches
the right expression given in Eq. (6.7).

Cask II-EQuAL REAL RooTs. Since D =0, A\; = Ay = X € R, and Eq. (6.5)

simplifies to

O(z) =

az? ) 2 2 U(z2) |

ai
(z—N)? * (5+&a_2 (z—MN)? +a2(z—)\)2 2

Using Eqs. (4.17) and (2.13) as well as the convolution property, we obtain

the following inverse transforms,

Z—1{(27} =(n+ DN upy1,

z—A)?
Z_l{m} =\,
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= ;= a(n+ )\ upp1 + (6 + aﬂ)n)\”_lun
az

n—1
1 _
P = — > RN T (6.9)
k=1

To prove that the set of initial conditions is satisfied we follow a similar
argument as in Case I. Thus, p§ = « since nu(n) = 0 for n = 0 and ¢ =0
because the upper summation index is —1 and the sum is void. Also, ¢{ =
(2N)a + B+ (a1/az)a = [ because 2XA = —ay/as in p(z), and ¢} = 0 since
the upper summation index is 0 and the corresponding sum is also null. So,
wo = ¢+ ¢h = a and p; = ¢§ + ¢} = (. Again, we verify the solution
for n = 2, i.e., g2 = ¢5+ ¢5. Note that Eq. (6.7) is the same for this
case. Substitution of n = 2 in the complementary and particular solutions in

Eq. (6.9) gives us
c p 2 ay 1
@5+ ¢h = 3007 + (B + Za) (20) + =,
a9 a9

which, rearranged and expanded has the form,

1
— ity + 30X + B(2N) + Za(2)). (6.10)
a9 a9

As before, from the second degree polynomial p(z), we have that 2\ = —ay/as

and A% = qg/ay. Observe that,

2
3a)\? + @oz(2)\) = 3220 _ oz(ﬂ> = —04@,
az az az az
since, D = 0 implies that, a3 = 4asag or (a1/az)? = 4(ag/az). Consequently,

Eq. (6.10) simplifies to the right expression in Eq. (6.7).

Case I1I-CoMPLEX CONJUGATE RooTs. Here, D < 0 and Ay = A\, € C
with \; = £ +in (n # 0). Equivalently, in polar form, \; = pe?’ where
p = VE+n? and 0 = tan"1(n/¢). Considering that \; — Ay = 2in, and
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applying Euler’s identity we see that,
AL — bl — pntlicog(n 4+ 1)8 + isin(n + 1)6] and
At — prtle=ind D — pntlieos(n 4 1)0 — isin(n + 1)6]
= A\ A0t = 23" sin(n + 1)0.

Hence, the inverse Z~!-transforms of Case I applied to the complex conjugate

roots yield a solution expressed as real sequences. Specifically,

o = Spsinl(n+ 1oy + (B4 ) " sin(nd)
U] a2

n—1
1
oh = — 3 pPsin(k6)n 14 (6.11)
2N

Once more, we see that the initial conditions are satisfied. Here, ¢fj = a since
sin(nd) = 0 or u(—1) = 0 for n = 0 and psinf = n. In addition, ¢ = 0
because the upper summation index is —1 and the sum is void. On the other
hand,

i = 2gp2 sin 6 cos 0 + <B + ozﬂ)psinﬁ = «a(28) + 6+ Ny = B, (6.12)
Ui az a9

since 2§ = A\ + XAy = —ay/ay in p(2). Also, ¢ = 0 since the upper summation
index is 0 and the corresponding sum is also null. Hence, ¢y = ¢f + ¢h = «

and 1 = ¢f + ¢ = S.

6.3 Examples of IVP’s for second order OAE

Some specific examples are given in this subsection to illustrate the formulas
found in the previous discussion for the complete solution given a 2nd order

difference equation IVP.

Example 6.1 Find the solution to the 2nd order difference equation IVP,

Onao — Pni1 — 60, =0 with py=a=0; p=0=1. (6.13)
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Note that Eq. (6.13) is an homogeneous equation since 1, = 0 for all n > 0.
The coefficients are as = 1 # 0, a1 = —1, and a9 = —6 # 0. Hence,
p(z) = 22—z —6and D = a} — dasag = (—1)?> + 24 = 25 > 0 (positive
discriminant) that corresponds to Case I of distinct real roots. The two roots

are given by

145

1-95
)\1— =

5 =3 and )\QZT —2,

then, since P = 0, and substituting the values of A1, Ao, o, and § in Eq.(6.6),
the solution to the given IVP is

1

¥n = 5 [3n - (_2)71} Up—1

Example 6.2 Find the solution to the 2nd order difference equation VP,

Ont2 — 601+ 99, =0, with pp=a=5; pr=08=12. | (6.14)

Note that Eq. (6.14) is an heterogeneous equation since v, = ¢, for all
n > 0. The coefficients are as =1 # 0, a1 = —6, and ayg = 9 # 0. Thus,
p(z) =22 —6z—9and D = a? — 4azag = (—6)* — 36 = 0 (zero discriminant)
that corresponds to Case II of equal real roots. The double root is A = 3,

after substitution of its value as well as the given initial conditions, a = 5
and § =12, in Eq. (6.9), we have that

05 =5(n+1)3"upy1 + (12— £ 5)n3" ',
=5-3"(n 4+ Dupgq + (—18) - 3" nu,,

n—1

gpg = Z k3k_16n_k_1 — 3n_2<n - 1)un—17
k=1

where, in ¢, 0,1y =1if k=n—1and d,_1_ = 0 if k #% n — 1. Therefore,
the solution to the given IVP is

on=5-3"(n+ Dupyy — 183" nu, + 3" *(n — Duy_y

or, equivalently,

©On = 3" 245(n 4+ Dy — 54nuy, + (0 — 1)uy,_1]
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From the difference equation Eq. (6.14) we can compute recursively some
values of ¢, and check them against the non-recursive or closed solution.

Thus, for example,

0o =06p; —9pg+1= 72— 45+ 1=28=3135—-108+ 1),
3 = 60y — 91 +0 = 168 — 108 + 0 = 60 = 3' (180 — 162 + 2),
04 = 63 — 9oy + 0 = 360 — 252 + 0 = 28 = 3%(225 — 216 + 3), . ..

Example 6.3 Find the solution to the 2nd order difference equation IVP,

Onio — D1 — 6, =u, with @y=a=3; p;=p0=11. (6.15)

Again, Eq. (6.15) is an heterogeneous equation since 1, = u, for all n > 0.
The coefficients are as = 1 # 0, a1 = —5, and ag = —6 # 0. Hence,
p(z) = 22 =52 —6 and D = a2 — 4asag = (—5)> + 24 = 49 > 0 (positive
discriminant), so Case I applies. The two different roots are

547 5—7
=S5 =6 and dp="_ =L

After substitution of the root values and the given initial conditions, o = 3
and 8 = 11, in Eq. (6.6), we have that

A1

g = 2[B! — (<1t — (6"~ (1)),
o= 1506 - 0B = L6 - e

where, in @P uy_p—1 =1ifn—1>kand u,—1—1 =0if n—1 < k. Also, the
last sum between square brackets simplifies to

n—1 n—1

6n ' -1 —1) -1 6(/pn—1 1 n—1
%;6“—22(—Dk=:67;:3—_{—1f(_l)_l = 36" =1)+3((=1)" " -1).

Therefore, the solution to the given IVP is

o = 2 [B(6™ = (=17 = 46 = (=1) s + 26 = 1)+ (-1 = 1)]
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Below are displayed some calculated values of ¢, in a recursive way from the
difference equation Eq. (6.15) and verified using the closed solution provided,

1. e.,

2 =D5p1+6pp+1= 55— 184+1= 74=1[3(217)—4(35)+6+ 1],
@3 =Dbpa+6p1 +1= 370+ 66+1= 437 = 1[3(1295) — 4(217) + 42 + 0],
1
7

01 = 53+ 6y + 1 = 2185 + 444 + 1 = 2630 = 2[3(7777) — 4(1295) + 258 + 1], ...

Example 6.4 Find the solution to the 2nd order difference equation IVP,

Foio=Fup1+F, with Fo=a=0; L =8=1 (6.16)

Rearranging the terms in Eq. (6.16), we see that it corresponds to an ho-
mogeneous equation since the right term equals zero. The coefficients are
ag =1+# 0, ap = —1, and ap = —1 # 0. Hence, p(z) = 22 — 2z — 1 and
D = a? — 4azay = (=1)> +4 = 5 > 0 (positive discriminant), so Case I

applies. The two roots have values,

1++5 1-+/5
= 5 and Ay = 5

After substitution and using the initial conditions, « = 0 and § = 1, in

A1

Eq. (6.6), the solution can be expressed as follows:

F, =

VB N
A5 - () T
1 1+

= ﬁ(qb” - ¢f)un—1 ; Q= 9

This IVP defines recursively the Fibonacci sequence, its solution gives us a

S

1-+5
2

and ¢, =

closed formula for these numbers. The ¢ number corresponds historically to
the “division in extreme and mean ratio” (Euclid), the “divine proportion”
(Pacioli), or the “golden section” (Ohm). As mentioned before, a closed for-
mula refers to an expression that allows us to find directly a specific number.

Thus, given n, F, is found in a non-recursive way. Although outside the
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scope of the present exposition, we remark that there are many interesting
relations between the ¢ number and its associated ¢, number, also denoted by
the symbol é The most basic one is that ¢, = ¢E = —¢ 1. Using Eq. (6.10),

the first 16 Fibonacci numbers are shown next:

n|io(1/2;3|4/5/6| 7| 8 91011 12| 13| 14| 15
F,|0|1]1]2|3|5|8|13|21|34|55|89| 144|233 |377|610

Example 6.5 Find the solution to the 2nd order difference equation IVP,

Onio+ 60,1+ 180, =0 with o=a=0; o1 =06=1. (6.17)

The expression given in Eq. (6.17) is homogeneous with coefficients as = 1,
a; = 6, and ap = 18. Thus, p(z) = 22 + 62 + 18 and D = a? — dasay =
36 — 4(18) = 36 — 72 < 0 (negative discriminant), so Case III applies. The
conjugate complex roots are

—6 + v/ —36 —6 —+v/—36

A = 5 =—-3+3: and X\ = 5 = ——3-3i.

Therefore, since £ = —3 and n = £3, we have that p = \/(—3)2+ (£3)? =
V18 = 3v/2, and § = tan"!(-3/3) = tan"!(—1) = 37/4. In addition,
w9 = a = 0 and ¢; = f = 1. Finally, substituting the previous values in

Eq. (6.11), we obtain as solution the following sequence,

(3\f) sm 4 Up

Example 6.6 Solve the 2nd order difference equation IVP,

dppia+25¢, =0 with py=a=5/2; p1=0=1. (6.18)

Again, Eq. (6.18) is homogeneous with coefficients a; = 4, a; = 0, and
ap = 25. Thus, p(2) = 422425 and D = a?—4asag = 0—4(4)(25) = —400 < 0
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(negative discriminant), so Case III applies. The conjugate complex roots are

given by,

_ —0+/—400 20, 5. 0—=400 20. 5.

200 <=5 and Ay = 20) =gt=—3t

A

Therefore, since ¢ = 0 and n = £5/2, we have that p = /02 + (£5/2)? =
5/2, and 6 = tan"1((5/2)/0) = tan"!(c0) = 7/2. In addition, ¢y = a = 2/5
and ¢; = f = 1. Hence, substituting these numbers in Eq. (6.11), the
solution is given by the sequence,

(5)”(5 n7r+2 ) nﬂ')
n= (=] [ =cos— + =sin — )u,
14 9) (2" T

Example 6.7 Our last exercise will find a sequence that solves the IVP,

Sn+2:{§n+1+gn+Fn with 302@20331:6:1 (619)

The stated IVP defines what is known as the Fibonacci sequence of 2nd
order; being F,, the n-th Fibonacci number, then the task is to determine a
closed expression in terms of F, for §,. Rewriting Eq. (6.19), one can see,
as displayed next, that the second order difference equation is heterogeneous
because F,, # 0 for all n > 0,

gn+2 - Sn—i—l - Sn - Fn (620)

For the given initial values, §y = 0 and §; = 1, the solution is given by

n—1

Fo=3,+3h =Fut+ ) FFoi

1=1

- Fn+ZFiFm_i where m=n—1.
i=1
Since,
1 1

(¢Z - qbi)ui—l and Fm—i — —<¢m_i - an_i)um—i—l )

F, —
5 V5

S
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then,
Z FiFm—i = % Z(W — (A" = O Uy Uiy
i=1 i=1
m—1
o) ST A ) s (6.21)

1=1

In the second equality of Eq. (6.21) we can see that,

1 if m—1>i ;
’U/m__i: an /U/Z_
! 0 if m—1<i !

The partial products between monomials within the summation symbol (shown

= Um—2 -

1=m—1

left) and their respective sums (shown right) are given next,

+olg" =@ 5 (m—1)g"

ime o\ . (¢ '(¢/¢T‘1—1]_¢T¢—¢m¢*
PoT =0 <¢> T (qx)_w/m—l =T
i m—i m ¢* . _m ¢* '(¢*/¢)m—1_1]_¢in¢_¢m¢*
s = (B) o (%) [l - e

+olpl T =0 (m—1)er
Using the identities, ¢"* = F,,¢ + F,,_1 and ¢" = F,,¢. + F,,,_1, it follows
that, (m—1) (¢™ + ¢") = (m —1)F,(¢+ @) +2(m —1)F,,,—1. Reintroducing

the numerical factor 1/5 we get

(m—1) 2m 2

(m B 1) m m\ __
Similarly,
2emo—gmeN 2
(B2 ) = v - omo)
2
= 5—\/5(Fm¢*¢ + Fm—1¢ - qubgb* - Fm—1¢*)
2 2
= ﬁFm—l(qb - Qb*) = 5Fm—1 . (623)
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Therefore, adding Eqgs. (6.22) and (6.23), the particular solution is given by,

(m—1) 2m 2 2
P = Fm Fm— - _Fm— _Fm— )
S 5 + 5 175 1+ 5 1
or, recalling that m = n — 1, the previous expression look like,
1
3% - 5[(% - 2)Fn—1 + Q(TL - 1)Fn—2]un—3 .

Thus, the unique solution to the proposed IVP is:

5 _F 4 %[(n —O)Fut +2(n — 1)F ]t (6.24)

Ifn=20,1,2, §, = F,. Otherwise, if n > 3, we use the equalities, F,_; =
Fn+1 - Fn and Fn—2 = Fn - Fn—l — Fn - Fn+1 + Fn = 2Fn — Fn+1, to rewrite
$n- Hence,

1 2
S"n = Fn + 5(TLFTL+1 — TLFn — 2Fn_|_1 -+ 2Fn) -+ 3(277,':” — nFn+1 — 2Fn -+ Fn_|_1) X

or equivalently,

B = 1300+ DFy —nFrsa]. (6.25)

It is not difficult to verify that the last expression is true Vn > 0. Based on

Eq. (6.19), here are the first 16 Fibonacci numbers of second order:

n|i0(1/2]3|4| 5| 6| 7| 8 9| 10| 11| 12| 13 14 15

SnllO[1]1]3[5]10|18|33|59|105| 185|324 |564|977 | 1685|2895
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