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Mathematical Aspects of the Inversion
Problem

4.1 Introduction

It is natural to assume that the astronomical data inversion problems
discussed previously can be illuminated to some extent by invoking the
analytic mathematical theory of integral equations. This is indeed the case.
Without attempting an exhaustive mathematical treatment, the present
chapter aims to outline those aspects of the mathematlcalefﬁ_eory of
relevance to practical data inversion and stabilisation techniques. The
dnscussmn is mainly concerned with mtegral equations of the first kind since '
% these are known to present the most severe practical difficulties. The reader
U should be warned however, that no mathematical theory, no matter how
t__' powerful or elegant, can overcome the basic problem of f the data gencrally
e Iackmg information with regard to the details—specifically the high
frequency components—of the source function. | Methods of stabilising the

¢—inversion by counteracting this ‘lack of “information’ are discussed in

L Chapter 6.

® Fuller development of material in this chapter (as well as Chapters 5 and
< 6) can be found in the following sources. Systematic developments of the
. theory of linear integral equations are presented in the textbooks by
- Smithies (1962) and Tricomi (1957). Of more relevance to the numerical

. inversion problem are the proceedings edited by Delves and Walsh (1974):
the excellent contribution of Miller (Chapter 13) provides a, particularly
succinct account of the ill posed inversion problem. The more recent work
of Baker (1977) has provided the most general and exhaustive treatment so
far on the numerical treatment of integral equations. There are, in addition,
many review articles that deal with different aspects and applications of the



iz
e

RESUNEN DE ASTRAMS o,

44 Mathematical aspects of the inversion problem

inversion problem (e g. Franklin 1970, Turchin er a/ 1971, Parker 1977).
Also of direct relevance are the workshop on applied inverse problems
(Sabatier 1978) and Twomey’s (1977) monograph on the mathematics of
‘remote sensing’ experiments.

4.2 Integral Equations of the First and Second Kinds

We will concentrate on the standard types of linear integral equations
defined in Chapter 2. Recall that

b
S k(x, »)f(7) dy = g(x) c<x<d (4.1

and

b
F(x) = g(x) +\ S k(x, y)/(») dy a<x<b (42

are Fredholm integral equations of the first and second kind respectively
(§2.1). In both cases the problem is to determine the unknown function f(y)
given that g(x) and k(x, y) are known functions prescribed over a given
range of x. Note that although the x range can differ from the range of
integration for equations of the first kind, it is always possible to ensure
c=a, d=>b, by a simple change of variable. In the special case where

k(x, y)=0 for y > x the equations are known as Volterra rather than
Fredholm equations. Thus

5 k(x, »)f(») dy = g(x) ey (4.3)

is a Volterra equation of the first kind.
It is not difficult to see that equations of the second kind may be easier

to solve than equations of the first kind. Observe that in the case where |\ |
is is small a reasonable first approxlmatlon to the unknown function in
equatlon (4.2) can be obtained by setting f(x) = g(x). This approximation
can then be refined by setting up, in the usual iterative spirit, a recursive
procedure of the form

@

,, |
Sar1(x) = 8+ X | ke, 9/ d n=1,2,... (4.4

/1 being obtained from the earlier approximation fy = g(x) and so on. A
basic result in the analytic theory of Fredholm integral equations is that, for
continuous k and g, the iteration (4.4) converges to the true solution
provided |\| is sufficiently small: specifically for uniform convergence
IN| (b — a)max,,y | k(x, y| <1 (e.g. Ursell 1974). It is clear that when |\ |



I Volterra equations have rather distinct properties from Fredholm
equations in respect of smoothing, and instability of inversion, and there
appears to be a general consensus that inversion of Volterra equations is less
troublesome (e.g. Baker 1974). For the case of Volterra equations of the
second kind this superior behaviour is reflected by the fact that the iterative
procedure analogous to equation (4.4) always converges independently of
the magnitude of X\ (see Baker 1977). Equations of the first kind tend to be
more troublesome but note that by differentiating the data function in
equation (4.3) we obtain

X

’ Ko 0/ + |22 s ) dy = g () (4.6)
so that provided k(x, y) is non-singular, a Volterra equation of the first kind
is reduced to a comparatively well behaved equation of the second kind with
appropriate redefinition of the data and kernel functions in equation (4.6).
There appears considerable practical advantage in such a reduction despite
the potential for noise amplification that arises through numerical differen-
tion of the data function (see §§4.4 and 5.3). The problems associated with
weakly singular Volterra equations of the first kind are discussed in §4.4.

IVolterra equations, on the other hand, give rise to discretised linear systems
of lower triangular form and these, although not entirely trouble free, tend

to be better conditioned numerically.
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The problem of uniqueness of solutions to equation (1) can be boiled down to
the question: are there any nontrivial solutions f to the equationg

b

R(x \f)ﬁ)’-]&[-.(.? y
B ' €
% K(x,y) fwde=0
~ &"
If the answer is no. then . P “1s unique.
If it is ves. then the class,: : . of all such

solutions (so that e 4? is called the annihilator of (Xy)Our knm\lud(m of

can tell us nothing whatsoever about those parts of 2 that bn.lon" to ¢ and therelore
these parts must be deduced from information other than that contained in & For
the complex kernels Kof physmdl processes it is relatively rare that umqm.ncss
can be established,
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Q/N one of the well-studied integral transforms, for example:
Laplace: G(x.)) =@ ™. 0S¥ < w,
Fourier: G(x.y) = e — o0 < X < .
Hankel: Glx.y)=Jxpp)  0sg<eo o

All of these have unique solutions for a sufficiently well-behaved class of model
functions.
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Furthermore, many Volterra equations [which contain the Heaviside
function H(x— y)] can be shown to possess unique solutions, e.g. the Abel equation
with

Kory = HY-X)4-%""  0<v<l.

Suppose an annihilator exists for a particular k(_\-,y); its presence will not
necessarily be revealed by numerical solutions of (1) because the (necessarily
finite-dimensional) representation of K'(x y) may not be “be singular, even though the
true kernel is.
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